Abstract: Non-processive enzymatic polymerization leads to a distribution of polymer chain lengths. A polymerization model was developed to investigate the relation between the extent of this distribution on one hand, and the polymerization start conditions and reaction kinetics on the other hand. The model describes changes in concentration of chains of length n as the result of two elongation reactions: elongation by monomer addition to length n-1 and elongation by monomer addition to length n. Polymerization reactions were assumed to be zero order in monomer concentration and to obey Michaelis-Menten kinetics with respect to polymer concentrations. In addition, the amount of enzyme available for each individual reaction (n n+1) is assumed to be proportional to the concentration of polymer substrate of length n. The development of the shape of the chain length distribution was found to be independent of the value of the overall reaction rate constant; only the rate at which these shapes developed was influenced by the 1 st -order rate constant. The value of the Michaelis parameter did affect the form of the chain length distribution curve since it affects the reaction order. An increase in reaction order was found to promote widening of the chain length distribution. Differences in kinetic parameters between the subsequent polymerization reactions, if any, were also found to have a large effect on the development of the chain length distribution. An increase in rate constants with chain length entailed a wider distribution; a more narrow distribution would require a decrease in rate constants with chain length.
Introduction
Functionality of pharmaceutical polymer preparations depends both on polymer size distribution (PSD) and on polymer purity. The present contribution therefore explores PSD evolution during non-processive enzymatic polymerization of linear polymers, with hyaluronan serving as an example.
Hyaluronan or hyaluronic acid (HA) is a mixture of naturally occurring linear biopolymers [1] of molecule sizes up to 10 4 kDa. The properties of such mixtures depend on average molecular weight and on chain length distribution PSD [2] . HA is an unbranched co-polysaccharide, composed of two alternating sugars, glucuronic acid (GlcUA) and N-acetyl glucosamine (GlcNAc). HA has a wide range of pharmaceutical, biomedical and cosmetic applications, depending on size and PSD [3, 4] .
HA synthesis by polymerization is catalyzed by hyaluronan syntase (HAS, EC 2.4.1.212). It catalyzes, with two independent glycosyltransferase catalytic sites, the alternating addition of either of two monosaccharide to the growing polymer chain [2] .
Our prior experience with the chain elongation of hyaluronic acid [5] has been an incentive to the present theoretical study.
Obviously, mathematical models for polymer formation -or for sequential reactions in general -are widely available in literature [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , including models for enzymatic polymerization [16, 17, 12, 18] .
The present report does not focus on the reaction kinetics per se. Instead, it is the first to theoretically explore the relation between the development of the chain length distribution of enzyme-catalyzed polymerization and the hypothetical kinetic characteristics of the sequential polymerization reactions. With a polymerization model, the effects of a number of factors on PSD development are examined: (1) the reaction order, i.e. the values of kinetic parameters, (2) the initial template and monomer concentrations, and (4) the total enzyme concentration. In addition, the model takes into consideration the kinetic consequences of the continuously increasing number of polymerization reactions: this increase in number is assumed to inhibit individual reactions by competition for enzyme.
The present paper theoretically explores the relation between reaction kinetics and the polymer size distribution in order to evaluate whether or not control of lengthdependent kinetics might be a means of control of polymer length dispersity.
Methods

Model assumptions
Enzymatic HA polymerization may be conceived of as a linear reaction network in which all reactions are catalyzed by a single enzyme. Without chain termination, both the number of reactions and the number of substrates continuously increase, until, finally, all monomer substrates are depleted.
In vivo, HA polymerization starts with a slow initiation step, in which oligomers up to HA 4 are formed rather slowly, starting with N-acetylglucosamine. After that, polymerization is more rapid [19] . In vitro, polymerization is speeded up by skipping the first few reactions and by starting with HA 4 as a template. Likewise, the current model assumes HA 4 as the minimum chain length with an initial concentration of HA 4,0 . UDP-activated monomer molecules M then react stoichiometrically with polymer molecules HA n , resulting in stepwise chain elongation:
with n the degree of polymerization, i.e. an integer representing the polymer chain length expressed in monomer units ( 4 n ≥ ), and M representing GlcNAc for even n and GlcUA for odd n [2] .
HA polymerization is assumed to be non-processive: after each monomer addition, the enzyme is released from the polymer chain. Consequently, non-processive enzymatic polymerization yields a polydisperse polymer mixture in which polymer lengths and concentrations change until -in the absence of chain termination -all monomers are depleted.
The time-dependent concentrations of polymer and monomer molecules were calculated with a discrete model (see Model calculations).
Reaction kinetics: enzyme dependency
The likelihood for an enzyme to encounter a specific substrate of length n (HA n ) and to participate in the reaction 1 
HA
HA n n + → is assumed to depend on the relative ubiquity HA n /HA tot of the particular polymer substrate. Therefore, the concentration of enzyme E n that is available in each single reaction n is assumed to be a fraction of the constant total enzyme concentration E tot . This fraction is assumed to equal the concentration of the pertinent polymer substrate as a fraction of the total concentration of polymers:
Without such an assumption, the total rate of substrate conversion (i.e. summed over all polymer lengths) would increase with the formation of increasingly larger polymers, although the total concentration of polymer molecules would be constant according to eq. (1).
Reaction kinetics: substrate dependency
If sizeable polymer chain lengths are to be attained, the initial monomer-to-template ratio (m 0 /HA 4,0 ) should be rather high for both monomers. Reaction rates are therefore assumed to be independent of the concentration of either monomer (GlcNAc or GlcUA). Any rate limitation by monomer depletion is therefore assumed to occur during a negligibly short time span preceding full monomer conversion. Such limitation, while inevitable, is therefore assumed not to contribute significantly to the polymer size distribution.
The reaction volume is assumed constant and the rate of an arbitrary reaction
per unit of reaction volume is assumed to depend on the polymer substrate concentration HA n according to Michaelis Menten kinetics, and on the enzyme concentration E n that is available for that particular reaction: As implied by eq. (1), the total number of polymer molecules does not change: 
Combining eqns. (2)- (5), the reaction rate for reaction n is:
As limit cases of Michaelis Menten kinetics, K Mn was assumed to be either very low or very high, leading to 1 st -order and 2 nd -order expressions, respectively, for the dependency of v n on HA n :
Polymerization is assumed to proceed non-processively: upon coupling of a single monomer to the chain, the enzyme releases the chain. Further, it is assumed that the amount of active enzyme is constant. All polymerization reactions obey eq. (1), i.e. neither monomers nor polymers are joined together.
Model calculations
Reaction events are assumed to start from a monodisperse solution of HA 4 template molecules. Under the non-processive action of the HAS enzyme, a small amount of HA 5 molecules is formed during the first time step at the expense of HA 4 molecules. In the next time step, again some HA 4 molecules are converted to HA 5 ; also, some HA 5 is converted to HA 6 . Gradually, a mixture of chain lengths develops.
Chain length distribution may be quantified if concentrations HA n are predicted for all n values separately. The key equation of the model, therefore, is a simple instationary balance for a closed system in which a change in HA n molarity during a time step Δt results from 1
Combination with eqn. (6) and some rearrangement then yields:
with Δt the length of a time step. Rate constants k n are expressed as multiples of an arbitrary reference rate constant k ref such that for length-independent rate constants k n /k ref = 1 for all n. Start conditions at t=0 are: HA n,t = 0 for n > 4 and HA n,t = HA 4,0 for n=4. Chain length distributions calculated with eq. 10 are given at various stages of reaction progress, represented by the fractional monomer conversion f (eq.11).
The total amount of both monomers consumed during one time step Δt may be calculated by summing all contributions v n Δ t over individual reactions n. Summing once more over all time steps yields the cumulative amount of monomers that is consumed from t = 0 up to time t. It may be expressed as a fractional amount of monomers at time t after division by the initial monomer concentration m 0 . Its complement is the fractional monomer conversion:
with m 0 : initial monomer concentration (mol L -1 ).
The fractional monomer conversion (1-f) is used to gradually decrease the length of the time step from an initial value to a final value of 0 when the monomer conversion approached unity. Such a decrease in time step does not affect the development of the polymer size distribution, as it affects all individual reactions in an indiscriminate way.
The average chain length is a function of the fractional monomer conversion according to:
with n : average chain length (number of constituent monomers); f: monomer conversion (-); The overall reaction rate can be expressed as the total rate at which monomers are consumed at a certain time:
The overall reaction rate is assumed to be a function of the polymer concentration only (eq. (6)). For 1 st -order kinetics (K M very low) and identical kinetics properties for each reaction, the overall reaction rate is a function of the overall polymer concentration only, which is constant (eq. (5)).
with v: reaction rate (mol L -1 s -1 ); k: i-independent rate constant (s -1 ).
Model equations were implemented in a simple MathCad routine in which concentration increments were calculated repeatedly with eq. (9) and stored in appropriate matrices. The initial time step was chosen by trial and error in such a way that the polymer size distributions were time-step independent.
The polymer chain length distribution width was characterized by its variance σ 2 : 
Results
First, the progressive development of HA chain length distribution was investigated, assuming identical kinetic properties for all reactions (i.e. k n and K M n were assumed n-independent). This was done for 1 st -order and 2 nd -order kinetics (eqns. (7) and (8), respectively) and for intermediate-order kinetics (Michaelis-Menten). Next, the effects of differences in kinetics between subsequent polymerization reactions were examined, and finally the effects of the initial reaction conditions on the chain length distribution were evaluated.
Length-independent kinetics
By assuming a rather low K M value (K M /HA 4,0 = 0.001), the rate equation (eq. (6) Like 1 st -order kinetics, the exact shape of the 2 nd -order chain length distribution at a certain monomer conversion did not depend on values of kinetic parameters, although the rate at which it was attained was kinetically determined.
In case of Michaelis-Menten kinetics (eq. (6) Like the symmetry of the length distribution, the development of the variance of the length distributions was found to be depending on the reaction order (Fig. 3) . For 1 storder kinetics, the variance is seen to increase linearly with the fractional monomer conversion f with a slope that equals m 0 /HA 4,0 . For 2 nd -order kinetics, the rate at which variance develops was moderate at first, but then rapidly overtook the 1 st -order variance. Overall, the variance development for 2 nd -order copolymerization was exponentially dependent on the fractional monomer conversion f. For intermediateorder Michaelis-Menten kinetics, the development of the variance was found to follow an intermediate pattern.
Length-dependent kinetics: increasing reaction rates
So far, kinetic parameters v max n and K m n were assumed equal for all reactions, i.e. for all polymer lengths n. Below, the effect of kinetic differences between reactions is investigated. 4 gives the final chain length distribution at full monomer conversion (f = 1) for constant kinetics as a reference and for variable rate constants. A sequential increase in the reaction rate constant v max for the first five reactions (k 4 < k 5 < k 6 < k 7 < k 8 with k ref constant) is seen to have a profound effect on the final length distribution. Because short chains react relatively slowly, a significant amount of template is seen to remain at full monomer conversion. At the same time, the maximum chain lengths exceed the ones that were obtained with length-independent rate constants. The overall distribution thus is rather bimodal with a minimum at intermediate chain lengths. The variance of the length distribution increased as a power function in f with a power larger than one: the larger the differences in v max , the larger the value of the power.
Length-dependent kinetics: decreasing reaction rates
Like increasing rate constants, decreasing reaction rate constants for the first five reactions (k 4 > k 5 > k 6 > k 7 > k 8 with k ref constant) profoundly affect the development of the chain length distribution. As a result of the high rates of the first reactions, short polymer chains disappear relatively fast. The variance increases as a power function with a power smaller than one. If differences in k increase with chain length, so if (k 6 -k 5 ) > (k 5 -k 4 ), the variance can decrease.
Start conditions
The overall reaction rate does affect the rate at which the chain length distribution develops, but not the shape of the chain length distribution itself. Initial concentrations, like initial monomer concentration, initial template concentration and initial enzyme concentration are n-independent. In eq.10 these parameters are collected in the bracketed constant preceding the n-dependent kinetics. Consequently, they influence the overall reaction only, but do not affect the shape of the chain length distribution.
degree of polymerization n (-) 
Discussion
Reaction mechanism
The relation between reaction kinetics and order, and the development of polymer size distribution in the present contribution on enzymatic polymerization rest on underlying assumptions on the kinetic influence of the continuously increasing number of reactions. In enzymatic polymerization, a multitude of reactions is catalyzed by a single enzyme and, historically, such multi-substrate reactions have drawn a considerable body of interest [20] [21] [22] [23] 18, [24] [25] [26] [27] [28] [29] [30] [31] . Commonly, it is assumed that the rate of these single-enzyme multi-substrate reactions is negatively influenced by the mutual competition for the single enzyme. In line with such a negative relation, we assume that the ever-growing number of competitors (i.e. the number of reactions) competitively inhibits the individual reactions. Since these competitors arise as a product of monomer additions to smaller polymers, the phenomenon was mathematically described as product inhibition, we accounted for such inhibition in the form of product inhibition, i.e. as a decrease in the zero-order rate constant, cf. eqns. (2) and (4). So, while the total reaction rate (i.e. total number of monomer additions per unit of time) may be independent of the number of possible reactions, the rate of individual reactions is not and is assumed to be limited by an increase in the number of reactions. It is assumed that the rate-limiting step in the progress of polymerization is the attachment of the enzyme to the polymer to form a polymer-enzyme complex. This assumption might be incorrect as the formation of a polymer-monomer-enzyme complex could be rate limiting. In addition, the binding sequence might be different. In both cases, however, the order of the reaction is two at most and, mathematically, the reaction equations would be the same: monomers would be the substrate instead of polymers and K m would refer to monomers instead of polymers.
Kinetic properties of monomers
HA is composed of two repeating saccharides, glucuronic acid and Nacetylglucosamine. It is assumed these saccharides are kinetically equal: in the model no distinction is made between them. It could be possible, however, that one saccharide is coupled to the chain at a higher rate (due to a higher v max or to a lower K m ).
In that case, however, the general conclusions drawn in this report about the effects on the chain length distribution do not change. To show this, two examples are shown below: in the first example v max of one saccharides is higher than v max of the other saccharide, in the second example K m for one saccharides is lower than K m for the other saccharide.
As can be seen from the figures, the development of the chain length distribution does not change dramatically if there is a difference in kinetics between the two saccharides.
Enzyme inactivation
It is also assumed no enzyme inactivation occurs during the polymerization reaction. If this assumption is not correct, this would have no effect on the development of the chain length distribution, for the same reason as the start concentrations have no effect on the development of the chain length distribution (they only affect the overall reaction rate). However, one should keep in mind the possibility of total enzyme inactivation before a monomer conversion of one is reached.
Conclusions
If all reactions are kinetically identical and obey 1 st -order reaction kinetics, the overall reaction rate constant has no influence on the shape of the chain length distribution curve: its variance increases linearly with monomer conversion.
Also in the case of 2 nd -order kinetics and kinetically identical reactions, the overall reaction rate constant does not influence on the shape of the chain length distribution curve. However, with second order kinetics the increase in variance with monomer conversion is not linear but a power function and therefore more pronounced. To conclude, the lower the overall value of K m , the more narrow the chain length distribution.
With kinetic differences between different reactions, an increase in reaction rates has a positive effect on the development of the chain length distribution: it makes the distribution more narrow. It might be recommended, therefore, to investigate if certain factors influence the kinetics of different reactions in different ways. The obvious factors would be temperature, pH and stabilizers or site specific enzyme modifications. If for example, a specific temperature would affect the kinetics of one reaction differently from other reactions, this will produce asymmetry in the chain length distribution and non-linearity of variance versus monomer conversion.
